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Résumé :  
L’objectif de ce travail est de porter une solution au problème de vibration transversale non-linéaire des 
systèmes à n*p-plan-ddl avec une non linéarité géométrique. La méthode de résolution fait appel au principe de 
Hamilton et de l’analyse spectrale, cette méthode a bien été utilisée pour résoudre des systèmes non linéaires 
relatifs aux poutres, plaques rectangulaires et circulaires. Le tenseur des masses, les tenseurs de rigidité 
linéaire et non-linéaire sont exprimés dans les deux bases : la base de déplacement notée BD et la base modale 
notée BM. Des applications de la méthode dans le cas de 3²-plan-ddl sont ensuite développées dans BM. 
Abstract : 
The purpose of this paper is to give the solution of the problem of transverse nonlinear vibration of n*p-plan-
dof systems, with geometric non-linearity. It is to recall that this method is based on the principle of Hamilton 
and spectral analysis. The method has been successfully used previously to solve the problem of nonlinear 
vibrations of beams, rectangular and circular plates and shells. The mass tensor, the linear and nonlinear 
rigidity tensors are expressed in both the displacement basis, denoted in what follows as DB, and the modal 
basis, denoted as MB. The application of the method to 3²-plan-dof systems is then developed in the MB. 
Mots clefs : Nonlinear, n*p-dof, Explicit method, Hamilton’s Principle, Spectral Analysis 
1 Introduction  
The notion of normal modes of non-linear n-degree of freedom systems was introduced by Rosenberg in the 
beginning of the sixties [1]. The work of Rosenberg was the foundation of most of what followed. The system 
considered was constituted by n-masses interconnected by non-linear springs, the first and last of the masses 
connected by non-linear springs to fixed points. The system was supposed to be conservative and the equations 
of motion were derived from a potential. The following definition of the non-linear normal modes was based on 
the observation that the normal solutions of the linear system are all periodic of the same period, the ratio of the 
displacement of any mass to that of any other is identically equal to a constant for all time.  
The concept of 'Non-linear Normal Mode' (NNMs) has been discussed by Vakakis in 1997 [2] and used to study 
forced resonances of non-linear systems, and non-linear localization of vibrational energy in symmetric systems. 
Additional applications of NNMs to modal analysis, model reduction, vibration and shock isolation designs, and 
the theory of non-linear oscillators were also discussed. In reference [3], the study was restricted to simple and 
two degree of freedom systems, with a unilateral constraint on one of the degrees of freedom, for which the 
response can be analytically determined. Generalized frequencies, modes and masses were built in the 
procedure. The results obtained for various sets of parameters indicated some limitations to the validity of a 
general modal superposition formula. Reference [4], was concerned with the dynamics of a weakly non-linear 
periodic chain. This periodic structure is constituted by repeating identical systems which are called elements. 
Such a discrete structure without ends is called a cyclic periodic structure. The non-linear normal modes found 
consisted of almost two linear modes, and for some boundary conditions, exhibited restricted orthogonality 
properties.  
Recently, 2-dof systems have been treated in several papers to illustrate the validity and efficiency of the 
methods developed for discrete systems in these works. Other works have been made in this field by S. W. 
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Shaw, E. Pesheck and C. Pierre [5-6], based on a new Galerkin’s approach using the invariant manifolds for 
accurate non-linear normal modes of discrete systems. This approach was extended to nonlinear normal modes 
under harmonic excitation [7], leading to determination of the frequency response for a simple 2-dof mass-
spring system with cubic nonlinearity and for a discretized beam model with 12-dof. A similar system was been 
treated using Benamar’s approach [8] proving the validity of this method in discrete system, a generalization for 
N-dof has been studied in [9]. This model was also been used to solve problems of different structures as torsion 
of systems of 2-dof [10], multi-span beams [11] and longitudinal free vibration of uniform rods and rods with 
sections carrying exponentially [12], the model prove his validity. 
The purpose of the present work is to apply, to discrete systems, Benamar’s approach, for determination of the 
non-linear mode shapes of n*p-Plan-dof structures, of symmetric material characteristics. This was made with 
two main objectives: the first one is to provide the analysts, interested in the non-linear structural behavior, with 
a method which can be easily implemented and applied to systems with a large number of degrees of freedom. 
The second is to benefit from the corresponding explicit analytical method of solution, applicable to reasonably 
large vibration amplitudes, which has been presented for example recently in [13].  
2 General formulation 
2.1 Presentation and nomenclature 
(figure 1) shows a     -dof system made of     masses  ,  …     and            spiral 
torsional spring   
   in the direction of X and   
  in the direction of Z, with   ⟦           ⟧. 
 
FIG. 1 – n*p-dof discrete transverse system 
The momentum M in the spiral torsional spring is given by: 
  
    
        
    
      (1) 
The springs are attached by bars considered as longitudinal springs having length   
        
    ⟦         
         ⟧. These springs are supposed to be massless and accept longitudinal deformation. 
The transverse displacement of the masses  ,  …    are noted as   ,   …    . The vector {   defined by 
{    [          ] can be written as : 
Where [          ] is the Displacement Basis (DB) and  [          ] is the Modal Basis (MB) in which 
  represents the  
   linear mode shape of the     -dof system. The components of the displacements of the 
masses in DB and MB are (          ) and ( ̅   ̅   ̅   ) respectively. In what follows, the components of 
   in DB are denoted as                .  
2.2 Expressions for the masse tensor, linear and nonlinear rigidity tensor in DB 
Assume a harmonic motion defined by: 
                             (3) 
{                         ̅     ̅       ̅         (2) 
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Where,    is the modulus of the displacement    of the mass    expressed in DB,    is the component of the 
displacement    expressed in MB, and  is the excitation frequency.  
The kinetic, linear and nonlinear potential energies of the     -dof system shown in (Fig.1) are developed as: 
  
 
 
 ̇  ̇    
 
 
     
  ̅            (4) 
   
 
 
        
 
 
     ̅            (5) 
    
 
 
              
 
 
         ̅       
       (6) 
Where,    ,     and       are respectively the general terms of the mass, the linear rigidity and the nonlinear 
rigidity tensors in DB, and  ̅  ,  ̅   and  ̅     are respectively the same general terms in MB. The relationships 
between the expressions for these tensors in DB and MB can be obtained as below:  
 ̅               ̅                ̅                        (7) 
2.2.1 Expressions for the mass tensor in DB 
The kinetic energy of the     -dof system, exhibiting a harmonic motion, is: 
  
 
 
  [∑    
 
   
   
]        (8) 
Identifying equations (4) and (8) leads to the following expressions for the mass tensor term in DB: 
                    (
 
 
)              (9) 
2.2.2 Expression of linear rigidity tensor in DB 
For relatively small displacements, compared to the length of the bars, of the discrete geometrically symmetric 
system shown in (figure 1) (                   ), we can write: 
     
  
       
 
   
         
  
              
 
   
     ⟦           ⟧   j=⟦   ⟧      
So that the linear potential energy of the     -dof system results from the linear counterpart of the stretching 
forces in the            spiral torsional springs, gives: (j=⟦   ⟧) 
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 ∑ (                         )
    
  
   
   (11) 
Assuming a symmetric rigidity matrix:         Equations (4) and (11) lead to the expressions of    : 
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  (16) 
2.2.3 Expression for the nonlinear rigidity tensor in DB 
For relatively small displacement,    compared to the length of the bar    is close to zero. So, we could write: 
Δ         
       (
  
 
   
 )  
  
 
   
 (17) 
21
ème
 Congrès Français de Mécanique                                                                  Bordeaux, 26 au 30 août 2013 
  4 
The non-linear potential energy of the     -dof-system, due to the nonlinearity geometric witch appears when 
we express the potential energy of longitudinal spring according to transverse displacements for geometrically 
symmetric system (             ) is given by: (j=⟦   ⟧) 
    
 
   
[ ∑   
          
 
      
   
 ∑   
 (              )
 
      
   
] (18) 
Thus, expressing the potential energy of longitudinal springs according to transverse displacements were 
brought to light a nonlinear form of potential energy as the latter is expressed in terms of   
     
   
  and   
   . 
This is a nonlinearity that comes from the geometry of the system; since the displacement Δ   and    are not 
expressed following the same vector, it is a geometric nonlinearity. 
The symmetry relationships used in [9] are adopted here as follows: 
                                                ⟦      ⟧ 
Identifying Eqs. (5) and (18) leads to the expressions of the non-linear rigidity tensor in DB: 
      
 
   
(  
      
      
        
 ) (19) 
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  (25) 
2.3 Model based on spectral analysis, Hamilton’s principle and explicit procedure 
for solution 
2.3.1 Model based on Hamilton’s principle and spectral analysis 
Applying Hamilton’s principle to the vibration problem gives:  
 ∫        
   ⁄
 
   ; with :           (26) 
Replacing              in (26) by these given in (3), (4) and (5) leads to the nonlinear algebraic equations: 
 
 
       ̅        ̅      
  ̅      (27) 
Where,   is the nonlinear frequency parameter. 
The expression of   can be obtained by pre-multiplying Equation (27) by {    from the left hand side, which 
leads to the following equation: 
   
 
 
         ̅          ̅  
     ̅  
       
The system (27) can then be written as: 
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       ̅        ̅     (
 
 
         ̅          ̅  
     ̅  
)  ̅      (29) 
This is a nonlinear algebraic system, identical formally to those derived previously in many cases of continuous 
systems, which have to be solved numerically for determination of the nonlinear mode shapes. 
2.3.2 Explicit procedure 
This formulation is based on an approximation which consists on assuming that the contribution Vector 
{                    can be writen as {  
                  with neglecting in the expression 
       ̅     of equation (33), which involves summation for the repeated indices s, u, v over the range 
{          the first, the second and the third order terms with respect to   , i.e., terms of the type 
  
    ̅    , of the type        ̅     or of the type        ̅    , so that the only remaining term is   
  ̅    . 
This leads to: 
( ̅    
  ̅  )   
 
 
  
  ̅                              (30) 
In which no summation is involved. The above system permits one to obtain explicitly the modal contributions  
[                    ] in MB, corresponding to a given value    of the assigned basic function 
contribution, i.e., the     linear mode shape of the     -plan-dof discrete system, as follows: 
    
 
   
  ̅    
 ̅      ̅  
                          (31) 
In the above equation, the   ’s, (for    ), depend on the classical modal parameters  ̅  ,  ̅  , the nonlinear 
modal parameter  ̅    , the assigned first modal contribution   , and the nonlinear frequency parameter  , 
given, from equation (27), as : 
   
 
   
  ̅    
 ̅  
 
 ̅  
 ̅  
        ⟦      ⟧ (32) 
Substituting equation (32) into equation (31) leads to: 
   
  
  ̅    
    ̅       
  ̅      ̅    ̅   ̅  ⁄  
                         (33) 
Expression (33) is an explicit simple formula, allowing direct calculation of the other modal function 
contributions to the     nonlinear mode shape, as functions of the assigned modal function contribution    and 
of the known parameters ̅  ,  ̅ , and  ̅     : 
{         
  
  ̅    
    ̅       
  ̅      ̅    ̅   ̅  ⁄  
     
  
  ̅      
    ̅           
  ̅      ̅    ̅       ̅  ⁄  
      ̅   
 
  
  ̅      
    ̅           
  ̅      ̅    ̅       ̅  ⁄  
       
  
  ̅     
    ̅         
  ̅      ̅    ̅     ̅  ⁄  
         ⟦      ⟧ 
(34) 
3 Applications to geometrically symmetric system 
In this section, we study the results of     –dof symmetric system. 
For this system, the values of the masses, the length of bars, the linear rigidities of spiral torsional springs are: 
       ;        ;   
    
       N/rad; E=210000MPa and S=7143mm2. (   
    
             ). 
Those values are chosen in the same order to those studied in [9] 
In (figures 2), the amplitude of the displacement of the first mass is plotted versus the displacement of the other 
masses presenting the first and the second nonlinear mode dependence. The mode dependence is clearly 
observed for this symmetric system.  
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FIG. – 3 amplitude of the first mass versus amplitude of masses 2 to 9 for the first and second mode shape 
4 Conclusion  
The model based on Hamilton’s principle and spectral analysis, developed to determine the nonlinear free 
response of continuous structures such as beams, circular and rectangular plates, shells and rings, and extended 
recently to the problem of nonlinear transverse vibration of the 2-dof systems [10], is generalized here to the 
nonlinear transverse n*p-plan-dof  systems with cubic nonlinearities. The theoretical formulation of this method 
has been presented and the expressions for the linear and nonlinear rigidity tensors have been developed. The 
applications made have been concerned with a symmetric 3²-plan-dof system. 
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